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SUMMARY

This report presents the results of the third year research efforts of the

Grant. The investigations of the two previous years dealt with a constant

velocity missile model. The last year activities were oriented to evaluate the

validity of the previously obtained results for more realistic variable speed

missile models. For this purpose an aerodynamic model provided by WL/MNAG was

used. Moreover, acceleration limits were imposed separately on each guidance

channel, simulating trimmed angle of attack limits. The study indicated that the

guidance law used in the previous (constant speed) analysis has to be modified

and incorporate a term for compensating the effect of missile longitudinal

acceleration. With this modification the homing performance of a varitable speed

missile using mixed strategy guidance is very similar to the performance of a

constant speed model, as long as the terminal maneuverability of the missile

remains unchanged.



I. INTRODUCTION

During the first year of the three year grant [1] a Mixed Strategy Guidance

Law (MSG) was developed for a three-dimensional end-game scenario with eventual

electronic countermeasures (ECM). The operational effectiveness of MSG was

compared with conventional missile guidance laws, such as Proportional

Navigation (PN) and Augmented Proportional Navigation (APN). The comparison

clearly demonstrated that MSG had a much superior effectiveness than the other

guidance laws. The objective of the second year research activity was to

generalize these results, obtained for a single engagement geometry (head-on)

and for a single set of missile and aircraft parameters, as well as to extend

the validity of the comparison by a parametric investigation based on a non-

dimensional sensitivity analysis. The sensitivity analysis L2] lead to conclude

that, if the * mixed strategy guidance (MSG) approach is used, a missile-target

maneuver ratio of 3 is sufficient for a robust cperational effectiveness. The

effects of engagement geometry, (initial target aspect angle and range) on the

homing performance of the "pure guidance strategies", which constitute the basis

of MSG, were similar to the well known results predicted by the classical

linearized guidance theory.

All these previous results were based on a constant speed missile model, a

frequently used assumption in many investigations and one of the elements in

linearized guidance analysis. Unfortunately, for the terminal guidance phase of

an air-to-air missile this assumption is not valid. Long and medium-range guided

missiles reach their targets in an unpropulsed mode, loosing kinetic energy

(i.e. speed) for overcoming aerodynamic drag. Depending on speed and altitude

the missile deceleration can reach the level of 2-5 g's. Moreover, the

maneuverability of the missile is also a function of the dynamic pressure. For

these reasons it seemed very important to evaluate the validity of the results

obtained for a constant speed missile model in the more realistic variable speed
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scenario. For this purpose an aerodynamic (lift and drag) model of the missile

was incorporated in the end-game simulation. (This model was provided to us by

WL/MNAG. ) Assuming a skid-to-turn aerodynamic configuration, the lateral

acceleration limit, imposed in the previous phases on the resultant acceleration

command, was replaced by limits imposed on each guidance channel separately.

The assessment of the variable speed model was performed in two phases. In

the first phase the initial speed was selected in order to allow the final

dynamic pressure to be large enough for achieving the maximum acceleration

conmeand. in the next phase a lower initial speed was selected leading to a

reduced final maneuverability.

For sake of completeness, the next section repeats the problem formulation

and gives a brief summary of previous results. In section III the main results

et t.. •investigation are summarized including a performance comparison at each

step.

II.' BACKGROUND INFORMATION

2.1 PROBLEM FORMULATION

The investigation deals with the terminal phase of an encounter between a

radar guided missile and a maneuvering aircraft which has the capability to use

electronic countermeasures (ECM). This problem has been formulated as a

two-person, zero-sum, imper-fect information game in which both players may' use

mixed strategies, [3].

In the investigation the following terminology is used:

a. The missile and the target aircraft called "pursuer" and "evader",

respectively.

b. A "guidance law" is the mapping of the estimated state into acceleration

commands.

c. The tandem combination of an estimator and a guidance law is called a "pure
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guidance strategy".

d. A pure "evader strategy" is a combination of a feasible maneuver sequence

and some countermeasure policy.

e. A "mixed strategy" is a probability distribution cver a set of pure

strategies.

Our investigation addresses this problem from the point of view of the

missile designer who wishes to determine, for a given set of evader strategies,

the optimal pure strategy set and the corresponding mixed strategy of the

pursuer that maximizes the minimal value c. the performance measure, which is
the 'Single Shot Kill ?robability" (SSKP) of the missile.

The result of this maximum operation over the set of possible outcomes

associated with given pure strategies is V (the value of the mixed strategym

g We , ich can be interpreted as the "guaranteed SSKP" c- the missile, asw"V

as the corresponding probability distributions (optimal mixed strategies).

Scenario Description

The main elements of the assumed scenario are:

1) The encounter is three-dimensional (see Fig. 1).

2) The game starts and takes place in the vicinity of the collision course

and terminates when the range rate becomes zero.

3) In order to enhance survivability, the evader may make use of electronic

contrameasures (ECM) simultaneously with its maneuver. The ECM technique

considered in this work is electronic jinking (EJ) [4]. It generates a

deterministic motion of the aircraft's radar deflection center from

wing-tip to wing-tip. Whenever EJ is applied, the inherent stochastical

fluctuation of the radar reflection center, called the "glint" noise,

becomes hardly observable.

4) For the sake of simplicity, it is assumed that the motion of the evader is
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confined to the collision plane (assumed to be horizontal). Note that even

if this assumption is adopted and effects of gravity are neglected, the

motion of the pursuer will be three-dimensional because the disturbances

caused t .J or the "glint" noise have a predominant transversal compocnent

Information Structure

Throughout the duration of the game the pursuer measures the relative range

R, the closing velocity V c and the line of sight angle A, relative to a

reference line. It is assumed that th range and ve'.o ... , _are exact

and that the angle measurement is corrupte*d by n. ise. The velccity and ranze

information is processed to give an accurate estimate of the "time-to-go", while

the range and angle information is processed and vieods a "noisy moasu~enent' of

t .e evader's reiative position perpendicular to the reference . :ne angular

measurement is perturbed either by the "glint" noise, or by F. intenticnallv

generated by the evader.

The evader knows when the game starts, but has neither measurements on the

state of the game nor knowledge of the duration of the game.

The rules of the game are such that at the beginning of the game (or

shortly before it). each player "selects" through a chance mechanism one of its

pure strategies and plays according to it until the end cf the game.

2.2 MODELING

Evader Model

It is a constant speed point-mass model with 3 options of lateral

acceleration: (i) No maneuver, (ii) Constant maneuver, (iii) Random phase

periodical maneuver.

The roll dynamics of the evader is taken into account by the time t

required to change the direction of the maneuver.

The electronic jiinkng (Ej) is also periodical vin random phase,
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correlated with the kinematical maneuver.

er Model

The pursuer is a radar guided homing missile reoresenteJ Lv a simclfied

-Mathematical model. The kinematics of the missile is cf a point-mass model with

limited lateral acceleration. Moreover, it is assumed that the three-dimensiona!

lnterception is accomplished by two identical decourled guidance channe17

operating in perpendicular planes. Each guidance channel model consists of the

following elements:

1) T h e s e r ", whic'h reconstructs the line of sigh.E direction from raar

measurements cor rupted by .g 1 in-t" type noise and provides the relative

lateral displacement with respect to a stabilized reference. The generation

of this signal doesn't involve any delay.

2) The "estimator" e>:tracts from the ncrsv signal : -r "see~er" ,

estimate of the relative state.

3) The "guid-ance computer, deter"mines the required lateral acceleration, the

command signal of the "autopilot", taking into account the acceleration

limit.

4) The "autopilot" and lateral missile dynamics are approximated (as a closed-

loop system) by a first-order transfer function between the required and

actual lateral acceleration.

Lethality Model

The probability of destroying the target (FK ) is a single valued function

of the actual miss distance determined by two parameters: the overall

reliability of the guidance system (P ) and a characteristic lethal radius
K max

R If the miss distance Rf is smaller than Rt then P K= (P)max

following fu-nctional relationship is used.

F) R j - e I 4 1i"f K;max



In an imperfect information scenario the miss distance is a random variable. For

given pair of pure strategies, (6)e and (6p)j, the Single Shot Kill

Probability" (SSKP) is expressed by

Pij EPK(Rf)1C3i "6 p}

where the expectation is taken over the ensemble of all measurement noise

samples, as well as the random phases of the target maneuver and the EJ.

2.3 MIXED STRATEGY GUIDANCE CONCEPT

AApplication of the Mixed Strategy Guidance (MSG) approach generates an

optimal mixed strategy based on an optimal set of pure guidance strategies. Each

of the pure guidance strategies is composed of two elements: a "perfect

information guidance law", developed on the basis of a linearized differential

game model [6). and an "estimator". The input for this guidance law is the

zero-effort miss distance, is based on the line of sight rate and a compensation

of own lateral acceleration. It is independent of the evader acceleration as

implied by differential game theory. Since the scenario is noise corrupted, the

actual input of the guidance law comes from the "estimator", in the form a

steady-state Kalman filter. Though assumptions on the evader maneuver's are

incorporated in the dynamic model of the "estimator", the estimated zero-effort

miss distance doesn't include the evader acceleration. For a given struzture,

the "estimator" is determined by a set of parameters to be selected by the

designer. The maximum dimension of such an "estimator" is either 4 or 6

depending on whether EJ is considered or not (see Fig. 5 in Ref. 1). Each

"estimator" design combined with the "perfect information guidance law" forms a

"pure guidance strategy".

in the "estimator" the random target maneuver and the eventual "electronic

jinking are considered as stochastic processes, each approximated by a "shaping

filter" fed by white noise [7]. In the present investigation, each "sharing
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ilter" has the following form

1 2 - -2 i=e,j
s +2ý .uS4-W

11 1

- where the subscript "e" stands for evader maneuver and j" for electronic

jinking. Each shaping filter is fed by white noise of a given spectral density

' (i=e,j) where

•:": • = k (g n )

e e max

and

3 3 max

in addition to the two sets of four parameters (k. i CV. , '.) one has to

consider also gl the spectral density cf the "glint", which is the inherent

zeasurement noise. Thus the designer has (in the linitations improsed by the

S structure of the filter) a set of 9 parameters, which in a way constitute the

assuption made on the behavior of the evader. Based on these parameters, the

gains of the Kalman filter are computed by solving the appropriate algebraic

Riccati ecuation.

2.4 SUMMARY OF PREVIOUS RESULTS

First year

The investigation performed in the first year was reported in Ref. 1. For a

combined ECM/no-ECM scenario against a set of 90 pure evader strategies and for

a given set of engagement parameters, a Mixed Strategy Guidance (MSG) law called

H', based on a pair of "pure guidance strategies", designated respectively "J"

and "L", was found to be satisfactory. The parameters of the shaping filters for

these guidance strategies were determined as follows:

Strategy "J": ýD0l=O04

k e=6.3 • =1.3 S =0.151 w =0.78 r/sece sec -e e

k. =0.35 . =38.0 se Q=0.155 w.=0.70 r/sec
3j sec 3



-Strategy L: g =1.0 k .=0

k =0.10 0e = se e=0.15 e =0.1 r/sec

In this environment and for the given set of parameters MSG achieved a

guaranteed SSKP of slightly higher than 0.4, (V =0.402) compared to much lower•. m

.. values (below 0.1) achieved by PN and APN.

The PN guidance law in the comparison had a constant "effective

proportional navigation gain" N'=3.0 and the estimated line of sight rate was

obtained from the seeker via a first-order low-pass filter with a time constant

of 0.3 sec.

In the APN, which includes the estimate of the evader's lateral

acceleration as a component of the estimated state, the guidance gain of N'=3

was selected. The estimator was a steady-state Kalman filter based on a "random

telegraph" type (first-order) target maneuver model with the parameter

A =0.5 1/sec.St

Second year

The research effort of the second year is summarized in Ref. 2. It was

oriented to test the sensitivity of the mixed strategy guidance (MSG) concept to

several parameters of interest. In order to generalize the validity of the

analysis the results are presented in a nondimensional form as functions of the

similarity parameters of the problem. The investigation concentrated on

evaluating the sensitivity of MSG to the engagement geometry, pursuer-evader

maneuver ratio and warhead lethality. The strategy set of the evader, as well as

the relationships between the different "disturbance" element such as glint

noise, target maneuverability, electronic jinking were kept constant by

preserving the values of the respective similarity parameters. Therefore no

change in the "optimal estimation" has been expected in the sensitivity

analysis. Since against the given evader strategy set the best estimator pair

9



f--ound in the first year investigation [1), any new optimal mixed strategy in

the-same environment was based on the same pure strategy pair (namely "Y' and

First the guidance performance (miss distance) sensitivity of the two pure

guidance strategies "J" and "L" (composing the optimal strategy pair for the

-)MG) to variations of the initial conditions of the engagement, such as initial

target aspect angle and initial range (or time of flight), was tested.

Both sensitivity tests lead to results which agree well with the phenomena

-encountered in linearized guidance theory. It could be thus concluded that in a

7 rather large domain of initial conditions the concept o" MSG and its performance

is not sensitive to the engagement geometry.

The sensitivity analysis of the homing accuracy measured by the normalized

average miss distance to pursuer-evader maneuver ratio w lead to some new

observations. A maneuver ratio of p=2.0, which is certainly unsatisfactory for

interception a maneuvering target for PN with N'=3, doesn't seem to hurt too

much the accuracy of the "pure guidance strategies" in the environment for which

they were optimized (strategy "J" against periodical maneuvering combined with

EJ and strategy "L", as well as APN, against constant maneuvers without

jinking).

Moreover, increasing the maneuver ratio beyond M=3 doesn't improve

substantially the guidance accuracy. These results confirm that, assuming a

satisfactory estimation of the relative state, the guidance law based on linear

differential gz.me theory with perfect information [6] has no need for a high

maneuver ratio.

The results indicate that the operational effectiveness of an optimal mixed

strategy guidance law, measured by SSKP is quite insensitive to the pursuer-

evader maneuver ratio for 5aga3. Its value is mainly determined by the warhead

lethality. Increased maneuverability makes some difference only for very large

10



-arheads. Similarly, the optimal mixed strategy itself (i.e. the probability

-,distribution over the given pure strategy set) is essentially determined by the

warhead lethality. In the present case increased warhead lethality favors

strategy "L" at the expense of "J', which has very large miss distances against

constant target maneuver without ECM. These conclusions lead to a cost-effective

missile design with robust guidance performance with respect to all target

evasive strategies which are taken into account in the MSG design process.

In summary, the non-dimensional sensitivity analysis of Ref. 2 gave a

generalized demcnstration for the superior performance of the mixed strategy

(MSG) approach over PN and APN.

III. VARIABLE SPEED ASSESSMENT

3.1 AERODY.NAIC MODEL

The constant speed missile models used in most linearized guidance studies

completely neglect the aerodynamic and propulsion characteristics of the

missile. In the present study-it is assumed that at the terminal guidance phase

considered for the analysis the rocket motor of the missile is burned out.

Consequently, the kinetic energy and the speed of the missile (V ) are
P

continuously dissipated by the aerodynamic drag, while the mass (m ) remains

constant.

Assuming more or less horizontal flight the speed loss of the missile is

governed by the differential equation

V= - D /m (1)
p pP

The drag force D is given by
p

D 1 p(h) V2 S (C (2)
p p pD p

where p(h) is the air density at the flight altitude S is the surface of
P

11



ece and (C ) is the nondimensional drag coefficient. The aerodynamic lift

ris also expressed by a similar formula

Lp p(h)VpSpC (a- (3)

p

laere CL (a ) is the nondimensional lift coefficient depending on the angle of
p

tack c The drag coefficient is composed of two parts
�,~ p

7L•- (CD) = (CD] + CL (a)sina (4)

Sthe first part is the zero-lift drag coefficient depending on the altitude while

-the second part represents the lift dependent induced drag. All coefficients

are functions of the Mach number. The aerodynamic data used in the present phase

of the investigation was provided to us by WL/MNAG. It is summarized in Table 1.

frC~ C. (a)

(D C L (a
p p

!Mach No. h=O h=70 kft a=5 =0 x=100

S0.60 0.4765 o0.5675 2.89 6.42 10.93 I
0.90 0.4300 0. 5100 3.07 6.94 11.61
1.20 0.6917 0.8266 3.42 7.84 13.41

* 1.50 0.6250 0.7455 3.52 7.84 13.51
2.00 0.5306 0.6-344 3.19 7.28 12.7-2
2.50 0.4568 0.5435 2.90 6.65 11.75.3

S3.50 0.3293 0.3960 2.47 5.78 10.15
4.50 0.,590 0.3105 2.17 5.09 8.76

Table 1. AFodynamic coefficients.

The lateral acceleration of the missile is given by

a = L /m = p(h)VS2 C (a )/2m (5)p p p p ppL p p

It is assumed that in both guidance channels of the missile the trimmed angle of

attack is limited, due to physicaL iimits of the contrcl deflection by

I(• ! = I(% ! • 1o°(6)

y max = I(max 1 10

12



a consequence of these constraints the resultant angle of attack of the'

missile is limited by

ja i .I 10 2 = 14.140 (7)p

e actual resultant angle of attack a. is computed from the actual lateral

icceleration (5), via

CL (ap)= 2m a /p(h)V2 S)Lpp pPp pp

'by a search for the correct value of a. interpolating the data of Table 1.

The actual lateral acceleration is the resultant of the accelerations on

the perpendicular pitch and yaw channels
S2 2 1/2
[•a= + a ] (9)

p py pz

where the actual lateral acceleration in each channel is obtained from the

Sacceleration command (ar) derived by the guidance computer, via the first
req

I order dynamics transfer function of the missile autopilot

t a = (a ). - a . i y,z (10)
Sp pi req i p1

3.2 MODIFIED LATERAL ACCELERATION COMMAND LIMIT

in the previous phases of the investigation the limit was imposed on the
resultant lateral acceleration command as a circular constraint

Ha2 +(a2 ]1/2 -(a)
req y req z p max

In context of a variable speed missile model it seemed more appropriate to

impose the constraint on each guidance channel separately, similarly to the

constraint of the angle of attack
ý(a req y p max (a eq) I (a) (12)

) p (ax' e z p max

This modification implicitly increased the missile maneuverability (in

13



ilular at the terminal phase) by /2 =1.414. In order to be able to compare

-homing performance of constant speed and variable speed missile models,

'ist the effect of modifying the acceleration constraint had to be evaluated

sIng a constant speed model only.

The list of fixed parameters used in the simulation is given in Table 2,

-the constant speed ndel V =600 m/sec (used in earlier phases) was selected.

e results of the comparison for both pure guidance strategies "L" and "JY and

cfcr the optimal mixed strategy "M*" are given in Tables 3-5 respectively.

Note that NJ indicates an ECM free environment.

•7. Table 2. Fixed engagement parameters.

Initial conditions (head-on)

Initial pursuer heading 0

initial evader heading v'eo =

Nominal time of flight tf = 5 sec

Flight altitude h = S km

S- Evader paraineters

Velocity V =300 mr/sec
e

Lateral acceleration limit (a) 50 m/sece max
Roll dynamics ta = 2 sec

Glint parameters:
Band width BW = 2 Hz
Standard deviations a = 3.7 m

x
(in body axes) 0 = 2.5 m

a' = 0.05 m
z

Amplitude of Electronic Jinking w = 4.7 mmax
Pursuer parameters

Mass m = 103 kg

Surface of reference S = 0.295 mi2

p
Lateral acceleration limit (a) = 150 m/sec

p max
Autopilot time constant = 0.2 sec
Constant roll angle = 0

Warhead lethality range R = 4.0me
Reliability factor (PK )max = 0.9

14



.. Table 3. Effects of modifying the acceleration constraint.
S - V =600 m/s (constant). Strategy L

PO

I Circular Modified

w.[r/s] w [r/s] M[m] a[m] SSKP M[m] [m SSKP

0.00 3.80(2.22) 0.727 3.62(2.00) 0.757
0.50 4.30(2.35) 0.674 3.68(2.09) 0.747
0.75 5.11(2.57) 0.542 4.41(2.23) 0.638

NJ 1.00 6.60(2.88) 0.376 5.73(2.59) 0.492
1.50 5.10(2.55) 0.553 4.49(2.31) 0.644
2.00 3.20(1.86) 0.798 3.02(1.74) 0.817
2.50 2.80(1.75) 0.337 2.68(1.58) 0.848
3.00 2.60(1.69) 0.842 2.51(1.58) 0.854

0.00 4.60(0.00) 0.813 4.64(0.03) 0.812
0.50 5.80(2.19) 0.512 5.53(1.72) 0.556

. 0.75 6.63(2.71) 0.381 6.16(2.32) 0.444
0,0 1.00 7.50(4.41) 0.361 6.95(3.87) 0.416

1.50 7.10(3.23) 0.367 6.71(2.90) 0,398
2.00 6.60(2.01) 0.301 6.45(1.83) 0.325

2.50 6.60(2.33) 0.237 6.56(1.36) 0.290
-- 3.00 6.40(1.14) 0.299 6.20(1.01) 0.340

0.00 5.30(3.02) 0.647 5.10(2.72) 0.665
0.50 7.20(4.13) 0.412 6.55(3.39) 0.446
0.75 8.49(4.46) 0.290 7.55(3.64) 0.330

1.0 1.00 9.60(4.95) 0.233 8.64(4.27) 0.261
1.50 8.60(4.04) 0.248 7.92(3.62) 0.279
2.00 7.00(2.96) 0.328 6.72(2.52) 0.337

S2.50 6.50(2.60) 0.376 6.29(2.39) 0.406
3.00 6.40(2.30) 0.399 6.12(2.29) 0.427

I 0.00 8.90(5.3S) 0.331 8.09(4.95) 0.370
0.50 9.90(5.02) 0.209 8.65(4.24) 0.250
0.75 10.81(4.96) 0.155 9.36(4.12) 0.184

2.0 1.00 Il. 60(5.64) 0.145 10.31(4.75) 0.171

1.50 10.10(5.29) 0.198 9.35(4.75) 0.209
2.00 9.00(4.12) 0.241 8.51(3.90) 0.252

"2.50 8.70(4.51) 0.276 8.27(4.03) 0.298
3.00 8.60(4.49) 0.314 8.16(4.10) 0.326

0.00 9.70(4.27) 0.217 8.99(4.20) 0.251
0.50 10.90(4.78) 0.156 9.52(4.13) 0.209
0.75 11.70(4.93) 0.134 10.20(4.28) 0.178

3.0 1.00 12.10(5.02) 0.137 11.04(4.66) 0.148
1.50 10.60(5.18) 0.188 10.11(4.67) 0.181

2.00 9.30(4.43) 0.225 8.94(3.91) 0.209

2.50 9.20(4.41) 0.238 8.81(3.92) 0.239
3.00 9.20(4.41) 0.238 8.69(4.01) 0.260

= average miss distance

- = standard deviation
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Table 4. Effects of modifying the acceleration constraint.
V =600 m/s (constant). Strategy J.

Circular Modified

o.[r/s] w [r/s] Mim] L[m] SSKP Mim] a[m] SSKP

0.00 25.40(3.91) 0.000 20.71(4.30) 0.000
0.50 13.60(7.84) 0.163 10.10(6.47) 0.300
0.75 8.78(3.94) 0.229 5.81(3.21) 0.484

NJ 1.00 4.60(1.37) 0.589 3.91(2.19) 0.726
1.50 3.20(1.86) 0.801 3.21(1.70) 0.815
2.00 2.80(1.75) 0.823 3.17(1.75) 0.804
2.50 3.00(1.60) 0.828 3.21(1.80) 0.795
3.00 2.90(1.58) 0.830 3.15(l.S9) 0.795

0.00 4.60(0.00) 0.815 4.64(0.03) 0.814I. 9 A.0
0.50 4.80(0.99) 0.694 4.93(1.25) 0.643
-0.75 4.92(_.22) 0.641 5. '(!.2n) .5 Q7

0.0 1.00 4.70(1.39) 0.674 4.87(1.44) 0.648
1.50 4.00(0.90) 0.810 3.97(1.13) 0.815
2. CO 4.20(0.92) 0.808 4.27(0.96) 0.792
2.50 4.50(0.95) 0.780 4.61(0.78' 0.757
3. GO 4.SO(O.00) G.750 4.90(0.58) 0.709

0.00 4.40(0.94) 0.809 4.10(1.10) 0.821
0.50 4.50(1.36) 0.706 4.49(i.43) 0.695
0.75 4.46(1.37) 0.701 4.63(1.39) 0.666

1.0 1.00 4.;30(1.33) 0.725 4.56(1.45) 0.684
1.50 3.90(1.26) 0.80S 3.96(1.26) 0.798
2.00 4.00(1.28) 0.811 4.14(0.59) 0.805
2.50 4.10(1.30) 0.804 4.24(1.10) 0.793
3.00 4.30(0.93) 0.788 4.44(1.00) 0.763

0.00 3.80(0.88) 0.864 3.30(1.14) 0.885
0.50 4.30(1.63) 0.720 4.15(1.42) 0.745
0.75 4.17(1.43) 0.735 4.36(1.35) 0.714

2.0 1.00 4.00(1.28) 0.762 4.34(1.41) 0.712
1.50 3.60(1.50) 0.825 3.76(1.27) 0.818
2.00 3.60(1.22) 0.855 3.72(1.19) 0.847

2.50 3.60(1.22) 0.866 3.76(1.04) 0.856
3.00 3.60(0.85) 0.869 3.75(0.98) 0.858

0.00 3.60(1.50) 0.820 2.86(1.17) 0.877
0.50 4.20(1.88) 0.706 3.85(1.49) 0.765

0.54 3.86(1.51) 0.770 4.08(1.25) 0.771

3.0 1.00 3.70(1.52) 0.800 4.17(1.36) 0.751

1.50 3.70(1.52) 0.806 3.80(1.39) 0.802

2.00 3.40(0.46) 0.860 3.63(1.14) 0.854

2.50 3.40(1.18) 0.879 3.55(1.04) 0.871

3.00 3.30(1.17) 0.887 3.50(1.00) 0.883

M = average miss distance
S= standard deviation
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Table 5. Effects of modifying the acceleration constraint.
V =600 m/s (constant). Optimal mixed strategy.

Circular Modified

wi[rns] w [r/s] SSKP SSKP

0.00 0.402 0.415
0.50 0.446 0.545
0.75 0.402 0.568

NJ 1.00 0.471 0.598
1.50 0.664 0.721
2.00 0.809 0.811
2.50 0.833 0.824
3.00 0.837 0.327

0.00 0.814 0.813
0.50 0.593 0,595
C).75 A. 0-7 ( 0

0.0 1.00 0.501 0.521
1.50 0.565 0.536I2.00 0.52S 0.536

2.50 0.4OS 0.501
3.00 0.501 0.507

0.00 0.719 0.735
0.50 0.543 0.558
0.75 0.474 0.4S2

1.0 1.00 0.453 0.452
1.50 0.498 0.513
2.00 0.544 0.548
2.50 0.567 0.581
3.00 0.573 0.579

0.00 0.569 0.603
0.50 0.437 0.473
0.75 0.414 0.423

2.0 1.00 0.421 0.415
1.50 0.478 0.484

2.00 0.516 0.52

2.50 0.540 0.550
3.00 0.562 0.566

0.00 O.487 0.534
0.50 0.402 0.460
0.75 0.418 0.446

3.0 i.00 0.433 0.420
1.50 0.464 0.461
2.00 0.509 0.500
2.50 0.525 0.524
3.00 0.528 0.541
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The comparison lead to the conclusion that the modification of the acceleration

7constraint slightly increased the value of the guaranteed SSKP, slightly changed
the optimal mixed strategy and also affected the optimal strategy set of the

evader. The quantitative changes are summarized in Table 6.

Table 6. Effects of modifying the acceleration constraint.

Circular Constraint Modified

Guaranteed SSKP 0.402 0.415
Optimal Mixed Strategy (L/J) 0.553/0.447 0.548/0.452

NJ, w =0.0 r/s NJ, w =0.0 r/sOptimal Strategy Set e e
of the Evader NJ, e = r/s

=.3.0, w =0.5 r/s W.=2.0, w =1.0 r/sS e e

She sequel the modified percr,,ance level will serve as a basis of
comparison for the variable speed missile model.

3.3 VARIABLE SPEED MISSILE - FIRST ASSESSMENT

For the variable speed as'sessment the initial conditions of the end-game
engagement have to be carefully selected in order to allow a meaningful
comparison with the constant speed model. in the examples for evaluating the
effect of speed variations an altitude of 3 km was selected. It was assumed that
altitude variations (since target maneuver is confined to the horizontal plane)

are neglectable and therefore air density is constant.

Moreover, in order to keep both the nominal duration of the end game and
the initial range unchanged the initial missile velocity was selected in such a
way that the average speed is the same as of the constant speed model. For the
example presented here (h=8 km and V =600 m./sec, tf=5 sec R =4500 m) the
initial missile velocity of V =645 m/sec was found to be appropriate.

0p0
The results of the comparison for the two pure strategies (L and J) and the

optimal mixed strategy are presented in Tables 7-9 respectively.
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Table 7. Comparison of variable and constant speed models.
h=8 km. Strategy L.

Constant speed, V Z600 m/s Variable speed, V =645 n/sýP P~c

"w [r/s) we [re s] M[m] aim] SSKP M[m] I[m] SSKP

0.00 3.62(2.00) 0.757 4.09(2.29) 0.679
0.50 3.68(2.09) 0.747 3-92(2.28) 0.720
0.75 4.41(2.23) 0.638 4.18(2.22) 0.678

NJ 1.00 5.73(2.59) 0.492 5.67(2.70) 0.493
1.50 4.49(2.31) 0.644 4.90(2.51) 0.5S1

2.00 3.02(1.74) 0.317 3.16(1.87) 0.801
2.50 2.68(1.58) 0.848 2.83(1.68) 0.836
3.00 2.51(1.56) 0.854 2.61(1.71) 0.840

.0oo 4.64(0.03) 0.812 4-66(0.05) 0.806
I 0.50 5.53(1.72) 0.556 5.35(1.54) 0.582w.75 6.16(2.32) 0.444 5.90(2.17) 0.4820.0 1.00 6.95(3.87) 0,416 6.91(3.73) 0.390

1.50 6.71(2.90) 0.398 7.05(3.06) 0.383
2.00 6.45(1.83) 0.325 6.58(1.92) 0.305
2.50 6.56(1.36) 0.290 6.82(1.40) 0.243
3.00 6.20(1.01) 0.340 6.38(l.05) 0.303

0.00 5.10(2.72) 0.665 5.54(3.19) 0.631
0.50 6.55(3.39) 0.446 6.70(3.59) 0.436
0,75 7.55('3.64) 0.330 7.54(3.85) 0.347

.0 1.00 8.64(4.27) G.26i 8,70(4.46) 0.263
1.50 7.92(3.62) 0.279 8,35(3.73) 0.257
2.00 6.72(2.52) 0.337 6.96(2.79) 0.326
2.50 6.29(2.39) 0.406 6.51(2.53) 0.375
3.00 6.12(2.29) 0.427 6.43(2.38) 0.392

0.00 8.09(4.95) 0.370 9.09(5.30) 0.305
"0.50 8.65(4.24) 0.250 9. 14(4.391 0.213
0.75 9.36(4.12) 0.184 9.59(4.25) 0.183

2.0 1.00 10.31(4.75) 0.171 !0.44(4.76) 0.160
1.50 9.35(4.75) 0.209 9.51(4.90) 0.213
2.00 8.51(3.90) 0.252 8.65(4.05) 0.254
2.50 8.27(4.03) 0.298 8.46(4.18) 0.289
3.00 8.16(4.10) 0.326 8.34(4.31) 0.337

0.00 8.99(4.20) 0.251 11.70(3.25) 0.062
0.50 9.52(4.13) 0.209 10.43(4.07) 0.1531... .
0.75 10.20(4.28) 0.178 10.28(4.20) 0.1593.0 1.00 11.04(4.66) 0.148 C0.74(4.68) 0.165
1.50 10.11(4.67) 0.181 10.05(5.02) 0.22052,
2.00 8.94(3.91) 0.209 9.39(4.43) 0.213
2.50 8.81(3.92) 0.239 9.60(4.33) 0.201
3.00 Q. (r4 A1 0 I 9.80(4.34) 0.198

M average miss distance

= standard deviation
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Table S. Comparison of variable and constant speed models.
h=8 km. Strategy J.

Constant speed, V =600 m/s Variable speed, V =645 m/si
p p

0

Li V/i r/si Mim] d-m1 SSK? Pm '-m] SSK?

0.50 10.10(6.47) 0.300 12.69(7.12) 0.190
10.75 1 .81(3.21) 0.484 8.27(4.48) 0.293

NJ 1.00 3.91(2.19) 0.726 5.32(2.7S) 0.543
1.50 3.21(1.70) 0.815 3.72(1.96) 0.727
2.00 3.17(1.75) 0.304 3.28(1.92) 0.787
2.50 3.21(!.S0) 0.795 3.4S3(.92) 0.773
3.00 3,.15(1.89) 0.795 3.26(1.79) 0.793

0.00 4.64(0.03) 0.814 4.63(0.03) 0.816
0.50 4.93(1.25) 0.643 4.81(1.14) 0.691
0.75 5.09(1.30) 0.587 4.97(1.22) 0.632

0.0 1.00 j .87(1.44) 0.648 4.83(1.42) 0.659
1.50 3.97(1.13) 0.S15 4.11(i.31) 0.792
2.00 4.27(0.96) 0.792 4.25(0.91) 0.799
2.50 4.61(0.7S) 0.757 4.53(0.73) 0.778
3.00 4.90(0.58) 0.709 4.77(0.54) 0.748

0.00 4.10(1.10) 0.32' -. 81(0.88) 0.717
S0.50 4.49(1.13) 0.695 4.65(1.40) 0.694

0 0.75 14.63(1.39) 0.666 4.53(i.38) 0.688
1.0 .-00 4.56('1.45) 0.684 4.45(1.39) 0.709

i 1.50 3.96(1.26) 0.798 4.06(1.37) 0.7S7
2.00 4.14(0.59) 0.805 4.12(1.16) 0.801
2.50 4.24(1.10) 0.793 4.i8(1.05) 0.804
3.00 4.44(1.00) 0.763 4.38(0.90) 0.783

.0.00 3.30(1.14) 0.835 4.78(1.38) 0.666
0.50 4.15(1.42) 0.745 4.59(1.56) 0.688
0075 4.36(1.35) 0.714 4.31(1.34) 0.724

2.0 i.00 4.34 (1. 41) 0.712 4.16(1.45) 0.738
1.50 3.76(1.27) 0.813 3.78(1.46) 0.799

2.00 3.72(1.19) 0.847 3.70(1.17) 0.846
1 2.50 3.76(1.04) 0.856 3.76(1.00) 0.859

3.00 3.75(0.9]) 0.358 3.70(1. 02) 0.864

0.00 2.86(1.17) 0.877 5.23(2-19) 0.485
0.50 3.35(1.49) 0.765 4.69(2.07) 0.635
0.75 4.08(1.25) 0.771 4.11(1.50) 0.737

3.0 1.00 4.17(1.36) 0.751 3.97(1.30) 0.788

1.50 3.80(1.39) 2.902 3.80(1.46) 0.789

2.00 3.63(1.14) 0.354 3.64(1.16) 0.846

2.50 3.55(1.04) 0.871 3.61(l.09) 0.859
3.00 3.50(1.00) 0.883 3.62(l.02) 0.873

M = average miss distance
= standard deviation
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Table 9. Comparison of variable and constant speed models.
h=8 km. Optimal mixed strategy.

V =600 m/s Variable

.. [r/s) w (r/s] SSKP SSKP•j e

0.00 0.415 0.299

0.50 0.545 0.423
0.75 0.568 0.462

NJ 1.00 0.598 0.521
1.50 0.721 0.663

2.00 O.811 0.793
-2.500 0.824 0.801
3.00 0.827 0.814

0.00 0.813 0.812
0.50 0.595 0.643
0.75 0.509 0.566 " _-

0.0 1.00 0.521 0.541
1.50 0.586 0.612
2.00 0.536 0.582

2.50 0.501 0.543
3.00 o 0.507 0.552

0.00 0.735 0.679
0.50 0.558 .580"
0.75 0.482 0.538

1.0 1.00 0.452 0.513
"1.50 0.513 0.554 . -

2.00 0.548 0.592
2.50 0.581 0.615

3.00 0.579 0.611

0.00 0.603 0.507
0.50 0.473 0.479
0.75 0.423 0.486

S2.0 1.00 0.415 0. 434
1.50 0. 484 0. 541
2.00 0.521 0.586
2.50 0.550 0.608

3.00 0.566 0.632

0.00 0.534 0.299

0.50 0.460 0.423

0.75 0.446 0.483
3.0 1.00 0.420 0.514

1.50 0.461 0.532 7. .

2.00 0.500 0.567

2.50 0.524 0.569 -

3.00 0.541 0.576
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The general trend in the variable speed model is increased..;

ar'd consequently reduced SSKP a±most everywhere and particular

constant target maneuvers (w =0). The outcome is a substantial deg- a._• ~e

the guaranteed SEKP, a large variation of the optimal mixed str• -

-significant change in the evader's optimal strategy set, as suminarized;4i

Table 10. Comparison of variable and constant speed models.

Constant speed Variable speed

Guaranteed SSKP 0.415 0.299 ..

Optimal Mixed Strategy L/J 0.548/0.452 0.440/0.560 -.

NJ, w e=0 . 0 r/s NJ, w =0.0 r/s
* 'Evader's Optimal Strategy Set e 0S.2.0, w =1.0 r/s W.=3.0, w =0.0 r/s

I 5~j e J e

The reason for the performance degradation was revealed by a detailed

- analysis of the variable speed results. It was found that the geometry of an

interception against constant evader maneuver is characterized by a rather

important change in the angle between the line of sight and the missile velocIty-

vector. In such geometries the longitudinal acceleration (or deceleration) of

the missile induces a rotation of the line of sight not accounted for in the-.

presently used guidance law, which was developed for a constant speed missile

model [6].

3.4 GUIDANCE LAW IMPROVEMENT

* In the currently used guidance law, as in all linearized studies, only

accelerations perpendicular to the line-of-sight are accounted for. The missile.

acceleration vector, perpendicular to the line-of-sight in the reference,

, coordinate system attached to the initial line of sight, is

0 BT apx (3-'
apN Ny ...

pNz apz
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where apx, apy, apz are the components of the missile acceleration vectO• .'--...

coordinate system aligned with its velocity vector, and B is the transformatiLon-
.matrix between the two coordinate systems

cosoCp cose j sinqp cos@ -sing
p p p p P

- B = cosp sine sinp -sinor costk I sinq) sine sino +cos•pcosp cose sino
P pp p p p p P p p p zPP; i

cosp sine COSp +sintp sino sin~j sine COSp -costp sino cosep Os
p p p p p p p P p p P

w 'here ,E are the flight path angles depicted i Pig. 1 and .•
p p .

pursuer's roll angle.

Since by definition

'~~ 015" --•_>
px p

"in a con..... speed model this term vanishes, aiJ only a and a *O ed•py pZT
>by the respective acceleration commands (a ) (a ) are consideied

req y' req z'

derivation of the guidance law. The nonvanishing longitudinal acceleratI. f•a•-

variable speed model (though, it is affected by the missile maneuieFS

increased induced drag) is not controllable by the guidance law. -

In order to avoid the nonrequired rotation of the line of sigh'

the longitudinal missile acceleration, its component perpendicul

of sight has to be eliminated by an appropriate guidance command

(13) for the required acceleration vector

(a ) I .PN req aRNy ay
S~~aN za..

one obtains, from the two non-zero equations, the required latelr- C

components ay and a as functions of the required acceleration 0r"-O
•~~ ~ ~ R. aa~ n h_. •
pendicular to the line of sight Ca and aRNz ) and th_
acceleration The correction terms (with respect to the c t -

D. p
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Table 11. Effect of guidance law improvement.
h=8 km. Strategy L.

Variable speed, V =645 m/s Constant speed
P 0

Original Improved V =600 m/sP

w [wr/s] e r/s] M[m] 0im] SSKP Mim] a[m] SSKP M[m] a[m] SSKP

0.00 4.09(2.29) 0.679 3.73(2,09) 0.732 3.62(2.00) 0.757
0.50 3.92(2.28) 0.720 3.66(2.08) 0.752 3.68(2.09) 0.747
0.75 4.18(2.22) 0.678 4.34(2.21) 0,653 4.41(2.23) 0.638

NJ 1.00 5.67(2.70) 0.493 5.67(2.62) 0.500 5.73(2.59) 0.492
1.50 4.90(2.51) 0.581 4.48(2.30) 0.646 4.49(2.31) 0.644
2.00 3.16(1.87) 0.801 3.03(1.77) 0.815 3.02(1.74) 0.817
2.50 2.83(1.68) 0.836 2.68(1.62) 0.851 2.68(1.58) 0.848
3.00 2.61(1.71) 0.840 2.50(1.59) 0.854 2.51(1.58) 0.854

I 0.00 4.66(0.05) 0.806 4.64(0.05) 0.811 4.64(0.03) 0.812
0.50 5.35(1.54) 0.582 5.47(1.61) 0,560 5.53(1.72) 0.556-

4 0.75 5.90(2.17) 0.482 6.08(2.22) 0.450 6.16(2.32) 0.444
0 0 1.00 6.91(3.73) 0.390 6.88(3.85) 0.421 6.95(3.87) 0.416

1.50 7.05(3.06) 0.383 6.69(2.91) 0.402 6.71(2.90) 0.398

I 2.00 6.58(1.92) 0.305 6.44(1.81) 0.323 6.45(1.83) 0.325.
2.50 6.82(1.40) 0.243 6.55(1.35) 0.290 6.56(1.36) 0.290.
3.00 6.38(1.05) 0.303 6.19(1.02) 0.345 6.20(1.01) 0.'340

0.00 5.54(3.19) 0.631 5.09(2.68) 0.667 5.10(2.72) 0.665-

0.50 6.70(3.59) 0.436 6.48(3.29) 0.446 6.55(3.39) £46' 4"
0.75 7.54(3.85) 0.347 7.42(3.59) 0.337 7.55(3.64) 0 -. ...

1.0 1. 00 8.70(4.46) 0.263 8.56(4.25) 0.265 8.64(4.27 O261 --
1.50 8.35(3.73) 0.257 7.95(3.57) 0.272 7.92(3.62)_"0279

I 2.00 6.96(2.79) 0.326 6.69(2.53) 0.348 6.72(2.52) Z9'• •

2.50 6.51(2.53) 0.375 6.29(2.37) 0.402 6 . 2 9(2.39) .-.0 -

3.00 6.43(2.38) 0.392 6.10(2.27) 0.426 6. 12 (2. 29V,24 ...

. 0.0 9.09(5. 30) 0.305 3.12(4.99) 0.373 8.09(4-95)'-(!()"-
0.50 9.14(4.39) 0.213 8.59(4.17) 0.252 8.65 (4.24) ]O;'1• .....

I 0.75 9.59(4.25) 0.183 9.24(4.06) 0.184 9. 36(4.12).ZGQ-184
2.0 1.00 10.44(4.76) 0.160 10.18(6.75) 0.174 10.31(4.75),,,. 71• t.

1.50 9.51(4.90) 0.213 9.32(4.70) 0.210 9.35(4-75) 209
2.00 8.65(4.05) 0.254 8.47(3.85) 0.253 8.51(3.90) ;--5 -

2.50 8.46(4.18) 0.289 8.30(4.07) 0.294 8.27(4-03) 490
3.00 8.34(4.31) 0.337 8.17(4.09) 0.333 8.16(4.10

0.00 11.70(3.250) 0.62 9.02(4.23) 0.253
0.50 10.43(4.07) 0.153 9.35(4.21) 0.223 9.52(4 ..13

0.75 10.28(4.20) 0.159 10.08(4.20) 0.178 0.20(4-"8
3.0 1.00 10.74(4.68) 0.165 10.94(4.60) 0.148 11.04(4•.

1.50 10.05(5.02) 0.205 10.06(4.62) 0.179 10.11(4'1)
2.00 9.39(4.43) 0.213 8.91(3.94) 0.212 8 . 9 4 (3-91.
2.50 9. 60(4.33) 0 201 9.81(3.86) 0.240 .. 1(.. 3 . . .

3.00 9.80(4.34) 0.198 8.64(3.99) 0.260 8.69(4 * ..

Haverage miss distance

c`" standard deviation
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Table 12. Effect of guidance law improvement.
h=8 km. Strategy J.

Variable speed, V =645 m/s Constant s e

Original Improved V =600m/s•

w [r/sl we [r/si Mimi o-[m] SSKP 1[mm ol[m] SSKP M[mi o" [mV-

0.00 23.09(4.07) 0.000 23.16(4.48) 0.000 20.71(4.30)
0.50 12.69(7.12) 0.190 10.68(7.05) 0.300 10.10(6.47

NJ 0.75 8.27(4.48) 0.293 5.92(3.35) 0.478 5.81(3.21)
1.00 5.32(2.78) 0.543 3.94(2.20) 0.726 3.91(2.19)
1.50 3.72(1.96) 0.727 3.13(1.68) 0.821 3.210(.70)
2.00 3.28(1.92) 0.787 3.14(1.73) 0.806 3.17(1.75
2.50 3.48(1.92) 0.773 3.16(1.82) 0.796 3. 21(1'80
3.00 3.26(l.79) 0.793 3.09(l.84) 0.305 3.15M(.8)

0. 00 4.63(0.03) 0.816 A.65(0.03) 0.811 4.64(0,03 774

0.50 4.81(1.14) 0.691 4.95(1.25) 0.636 4.930.25)
. is 4.97(1.22) 0.632 5.11(1.30) 0.5S1 5.09(1.30)

0.0 1.00 4.83(1.42) 0.659 4.90(1.45) 0.641 4 .87(1.-4_44
150 4.11(1.3 ) 0.792 3.96(1.12) 0.816 3.97(1'.A
2.00 4.25(0.91) 0.799 4.25(0.96) 0 795 4. 25 7- "(0

2.50 4.53(0.73) 0.778 4.59(0.78) 0.762 4.61(o••7•)
3.00 4.77(0.54) 0.748 4.87(0.57) 0.717 4 90(0.58)

0.00 4.81(0.88) 0.717 4.17(1.07) 0.818 4.1.(1.0

0.50 4.65(1.40) 0.694 4.52(1.45) 0.690 4.49 (C.1-'.43
0.75 4.53(1.38) 0.688 4.64(1.39) 0.663 4.63(1539

0.0 1.00 4.45(1.39) 0.709 4.53(1.49) 0.683 4.56(,-4(
I 1.50 4.06(1.37) 0.787 3.98(1.25) 0.799 3.96(1w

--2.00 4.12(1.16) 0.801 4.09(1.11) 0.808 4.14(0.5
2.50 4.180(.05) 0.804 4.27(1.03) 0.793 4 .24(1 --
3.00 4.38(0.90) 0.783 4.41(0.95) 0.769 4.44(_
0.00 4.78(1,38) 0.666 3.40(1.13) 0.881 3.30(1.-

I 0.50 4.59(1.56) 0.688 4.23(1.46) 0.727 4 .15(0A2

0.75 4.31(1.34) 0.724 4.36(1.36) 0.712 4 . 3 6 (f ).,
1.0 1 1-00 4.16(.45) 0.73o 4. 37 (1. 40) 0.o710 4.34(1.41

i 1.50 3.78(1.46) 0.799 1 3.70(1.29) 0.822 3.76(1,- • *
2.0 3.0(117)0.846 3.73(1.11) 080 3.72W.~9)- 7

2.50 3.76(1.00) 0.859 3,76(1.01) 0.855 3.76(1 03 .00 3.70(l.02) 0.864 3.71(l.07) 0.857 3.75...•-':

0.00 5.23(2.19) 0.485 2.99(1.24) 0.865 2 .86''i
0.50 4.69(2.07) 0.635 3.95(1.54) 0.749 3.85(1~ -
0.75 4.11(1.50) 0.737 4.09(1.26) 0.767 4.08(1S2.0. 1.00 3.97(1.30) 0.788 4.18(1.34) 0.752 4. 17,X(1

1.50 3.80(l.46) 0.789 3.80(1.35) 0.805 3.80(1 -2.00 3.64(l.16) 0.846 3.61(l.12) 0.859 3.63(f~

2.50 3.61(l.09) 0.859 3.54(l.09) 0.874 3.55(U
-3.00 3.62(.02) 0.873 3.54(0.98) 0.883 3.50(l.

N = average miss distance

= standard deviation
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Table 13. Effect of guidance law improvement.
h=8 km. Optimal mixed strategy MT7

[Variable Speed V =645 m/s Constant

SSP SSP.
__ ____ Original Improved Speed

S. [r/s) W [ r/s ] SSKP SSKP SSKP

0.00 0.299 0.410 0.415

0.50 0.423 0.553 0.545
0.75 0.462 0.576 0.568

NJ 1.00 0.521 0.599 0.593
1.50 0.663 0.723 0.721
2.00 0.793 0.811 0.311
2.50 Q. 301 .3 827 . $.24
3.00 0.814 0.832 O.327

0.50 0.643 O.593 0.595

0.75 0.566 0.508 0 509
0.0 1.00 0.541 0.518 0.521

1.50 0.612 0.584 0.586

2. 00 0.582 0.531 0.536
2.50 0.543 0.498 0.501
3.00 C. 552 0.509 0. 507

0.00. 0.679 0. 733 0.735

0,50 0.I 50 0.553 0.558
1O 75 0.538 0.480 0.482

1 0 1.00 0.513 0.449 0.452
1.50 0.554 0.504 0.513
2.00 0.592 0.550 0.543

2!.50 0.615 0.574 0.531
_0 3.00 O. 611 0.577 0.579

..00 0.507 0.597 0.603
0.50 0.479 0.461 0.473

0.75 0.486 0.416 0.423

2.0 1.00 0.484 0.410 0.415
r--1.50 0. 541 [ 0.4a79 O. 484

•'-2.00 0. 586 0. 516 0. 521 -

2.50 0.608 0.541 0.550
3.00 0.632 0.564 0.566

. .0.00 0.299 T 0.522 0.534
0.50 0.423 0.454 0.460

3.00.75 .0.483 0.437 0.446
3.0 1.00 0.514 0.414 0.420

1.50 0.532 0.454 0.461 -

2.00 0.567 0.497 0.500
2.50 0.569 0.519 0.524
-300 0.576 0.534 0.541

I. -_______._______ -,4-"'2 6.
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are proportional to V and to the tangent of the angle between the line of sight*

and the missile velocity vector.

A similar correction was proposed in the past for improving the performance-•

of variable speed missile guided by proportional navigation [8]. Su'ch .'a

correction can be easily implemented in the missile by measuringl`he

longitudinal acceleration and the off-bore sight angle -if the seeker. J.

By introducing the correction terms compensating for the l~i-gl iia

acceleration into the perfect information game optimal guidance law -bf-61

imprcved missile performance was obtained as it can be seen from the ts.

presented in Tables 11-13 and summarized in Table 14.

Table 14. Effect of guidance law improvement. .
(Variable speed model).

Original Guidance Law Improved Gu½i

" Guaranteed SSKP 0.299 0.4!.

Optimal Mixed Strategy (L/J) 0.44/0.56 0. 56/1.-A
NJ, W,=0.0 r/s NJ,

Evader's Optimale
Strategy Set W.=3.0, w =0.0 r/s w.=2. 0,'

j _ _e j__ e

Comparison to Table 10 indicates that the difference between

formance of a variable speed missile using the improved version 0!

and of the equivalent constant speed model is insignifica. ,

difference is most probably due to the constant closing speed appr X

for calculating the "time-to-go" in the guidance law.

3-S 3.5EFFECT OF TERMINAL MANEUVERABILITY

In the variable speed example discussed in the previous.J,

final missile velocity V (tt) was sufficiently high in order t9

p fattack saturation of the missile. In other words the laterS..

obtained by 10° of angle of attack was higher than the limit-'--

required acceleration. The effect of reduced terminal maneuverabi:"
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-. ...... .... -
Table 15. Effect of terminal maneuveratility.

Variable speed model. h=8 km.
Strategy L.

SV =645 m/s V =585 m/s i V =520 m/sPO PO PO

w [r/s] it [r/s] Mir] oa-[m] SSKP M(ral 0-m] SSK-P N an) o[m] SSK?

0.00 3.73(2.09) 0.732 3.90(2.25) 0.715 4.91(2.56) 0.-59f-

0.50 3.66(2.08) 0.752 4.12(2.32) 0.674 4.52(2.46) 0.'626
0.75 4.34(2.21) 0.653 4.57(2.31) 0.640 5.40(2.62)- 05O0

NJ 1.00 5.67(2.62) 0.500 5.53(2.61) 0.499 6.45(3.12) 0.414
1. 50 4.4S(2.30) 0. 646 4.47(2.28) 0. 639 4.79(2.50) 0:5984 •

2.00 3.03(1.77) 0.815 3.26(1.81) 0.794 3.10(l.79) 0.810
2.50 2.68(1.62) 0.851 2.70(1.71) 0.832 2.74 (1. 63) 0--0840. -
3.00 2.50(1.59) 0.854 2.51(1.66) 0.845 2.60(1.72) _. l. ;

0.00 4.64(0.05) 0.811 4.66(0.04) 0.807 4.64(0.03) - 3
0.50 5.47(1.61) 0.560 5.46(1.49) 0.560 6.15(2.31
0.75 6.08(2.22) 0.450 6.13(2.28) 0.444 6.99(2.84)4t,

0.0 1.00 6.88(3.85) 0.421 7.03(3.97) 0. 410 7.28(4.20) .0.,92..
1.50 6.69(2.91) 0.402 6.70(2.88) 0.403 6.88(3.02) 0;.390.
2.00 6.44(1.81) 0.323 6.45(1.81) 0.321 6 66 (1. 79) :-.0.29"

. 2.50 6.55(1.35) 0.290 6.59(1.35) 0.283 6.76(1.38)}
.3.00 6.19(1.02) 0.345 6.22(1.02) 0.337 6.34(1.06 *;

0.00 5.09(2.63) 0.667 5.07(2.82) 0.673 5.14(3.10)
0.50 6.48(3.29) 0.446 6.54(3.32) 0.443 7.42(4.05) - 0t
0.75 7.42(3.59) 0.337 7.54(3.69) 0.340 8.65 (4.2-2

1.0 1100 8.56(4.25) 0.265 8.73(4.48) 0.269 9.38(4.76) 7

1.50 7.95(3.57) 0.272 7.95(3.60) 0.277 8.31(3.79)

2.00 6.69(2.53) 0.348 6.78(2.56) 0.332 6.60(3.43

2.50 6.29(2.37) 0.402 6.28(2.39) 0.409 6.39(2'.45

3.00 6.10(2.27) 0.426 6.10(2.35) 0.431 6.27(2.40 I

0.00 8.12(4.99) 0.373 8.44(5.27) 0.362 9.04(5-._
0.50 8.59(4.17) 0.252 8.71(4.22) 0.239 9.88(4.8.89

0.75 9.2 4(4.0 6) 0.184 9.45(4.14) 0.196 10.71(4.-7-
2.0 1.00 10.18(6.75) 0.174 10.47(4.85) 0.174 11.34(5-0 ' 5

"1.50 9.32(4.70) 0.210 9.44(4.78) 0.213 10.07(5-a
2.00 8.47(3.85) 0.253 8.50(3.96) 0.252 8.83(4.•23

2.50 8.30(4.07) 0.294 8.34(4.04) 0.303 8.63(4.33j 3.00 8.17(4.09) 0.333 8.18(4.11) 0.328 -

0.00 9.02(4.23) 0.253 9.11(4.45) 0.257 9.57(4.5-

0.50 9.35(4.21) 0.223 9.38(4.25) 0.219 0.65(4.

0.75 10.08(4.20) 0.178 10.27(4.31) 0.173 11.59(5.
3.0 1.00 10.94(4.60) 0.148 11.19(4.80) 0.152 11.87(5

2.00 8.91(3.94) 0.212 8.95(3.93) 0.211 9.15(4

2.50 8.81(3.86) 0.240 8.88(3.95) 0.232 8.89(41
3.00 8.64(3.99) 0.260 8.77(4.01) 0.247 8.73(4.

S= average miss distance

SStandard deviation
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Table 16. Effect of termldilzieuverability. -

I ~~~Variable speed mode1-h-=S km. -- - ______

Strategy J..~,;,

V =645 rn/s -. Z.V m58S M/S V =52-0 a/s -
0 0

* w[/s) w [r/s) Mimi o-t(m] SSKP- ;I(.'o()SSKP M(m) elm), SSKP

0.00 23. 16(4.48) 0. 067ZTZ('1 w0.-O O:- 37.2-16( 2 0
0.50 10.68(7.05) 0. 36a1 T (.0~z.O0

NJ0.75 5.92(3.35) 0.474i z23 4:67
NJ ~1.00 3.94(2.20) 0.726x*2.3 0"7

1.50 3.1301.68) 0k.8214 ~318) 76~092
2.00 3.14(1.73) 0. -'3~ .(~3 8O~; 17S) 0.793
2.50 3. 16(1.82) 0O.796-. -.6 : ~~ 1-77)0.0
3.00 3.09(1.84) 0.86ý' 1:3S ~2(1.82) 0.787

0. 00 4.65(0.03) 0 8 - 80 4.20.12) 0.7899

0.5 4195(1.25) - 8(116) 0.671
0.75 5.11(1.30) 0. 581wP B- -4-97 (1-21) 0.627

0 0 1.00 4-90(1.45) 04. ~ -68151' A.76( .33) 0. 669

I 1.50 3.96(1.12) 0 gA390( 07 0.82
~.0 4.25(0.96) .0 -795 VM,0 .O791 4.23(o.94) 0.S00

2.50 4.59(0.78) --0 to .! 4  0.762 4.54(0.78) 0.772

3.00 4, 87 (0. 57)0 ~ )0.720 4.79(0.60) 0.737

0.00 4. 17 (1.07) O.8'18.z A4)0.815 4.93(1.44) 0.652

0.50 4.52(.5 O:91-.43) '0.674 4. 65(1. 59) 0.686

0.75 4.64 (1f-39)~i 1)0.-659 4.53(1.32) 0.693
1~~~~ 0 .10 4. 3(49 . .~ .c~ 0.691 4.441(1.37)074

I 1150 3.98(1-.25L Q. =319 23) I 0.806 3.89(1.19) 0.817
2.00 4.09(1 1)0. 807 4.07(1.13) 0.810

2.5 4.7(loi . 06) 0.792 4.22(1.02) 0.800

1 3.00 4. 41(0.?9.5Mý!76-' 6 4 WE36)- 0.762 4.34(1.08) 0.777

0.00 3.40 (i.13' O8 06) 0.880 4.95(2.01) 0. 589

0.0 f24146432(1-54) 0.706 4.57(1.98) 0.683

075 4.36(1.36).%-;O 712 4.-36(1.29) 0.719 4.31(1.38) 0.721
201.00 4.71 4);ý .J k -4-32(0.37) 0.720 4.25(l.39) 0.732

1 1.50 3.70 (1. 29) hOS:92 =3:76(1.24) 0.823 36(.2 .2

2.00 3.73(bl.) .50 -. 2(.3 0.845 3.71(1.10) 0.852
2.50 3. 7 6C(1.0 1)6855 3.72(l.14) 0.5 .8(.7 .848
3100 3. 71 (1T:07 3.720.07) 0. 858 3.75(0.97) 0.861

0.00 2. 99(1.24).;ý,Q, 865 3.10(0.26) 0.863 5.78(1.76) 0,460
0.50 3.95 (1:54);;-0W749ý 4.07(1.70) 0.722 4.80(2.24) 0.649
0.75 4.09(1 20)-0:767 -4.08(1.25) 0.768 4.11(1.41) 0.755

3.0 1.00 4 18 (2,34 ) tjA7S2 4.18(1.38) 0.742 4.16(l.34) 0.758
1.50 3. so(1; 35) ~..05 3.80(1.42) 0.800c 3.78(1.42) 0.802

2.00 3.6f(1'.-12)'-:0;859 3-67(1.13) 0.855 3.65(1.15) 0.851
2.50 3. 5 4(1.:09) 0. 87 4 3.57(l.03) 0.871 3.51(1.10) 0.871

3.0 3.54(0.98) 0.883 3.48(0.99) 0.8 .009) 0.982

average miss distance
O' standard deviation
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Table I7

I0

NJ52 0.529
0.4900.683

* ~...: .5020.480

_ 04800.047 0.409

- .0.4 .4592 0.449
0.54 .504 0.401

0.055 0.514 0.5142
-~ 0.740.574 0.567

~ 05770.574 0.519

-0570.502069

~ ~os0.73.46100645
0,530443061

1480 0.476 0.459
2.0 .449 0.4508 0.509

7 2.50 0.5041 0.541 0.534
3.00 .564 .5570.5542

0.0 0.5225 0.537Q.3
0.0 0.4574 0.543 0.3867

K0'.75L: 0.437 0.543 0.580

3. .0 0.4614 0. 407 0.4169
1.750 0.454 0.4522.1
2..00 0.497 0.4100.0

2.50 0.519 0.508 o.507

3.00 0.534 0.527 0.557

0.0 0. __ 058 .3

0.500.44 0.36 .30



by two examples where the initial misslbeý es are lower and cons-_

the maneuverability of the missile, -Mp*os ;7imitý-of -the anglie N

doesn' t reach the level of the maximu zaclrtion command. In the-

presented in Tables 15-17 the initial~r~sl lotesofV 58 us

V =520 in/sec was used.
-P

* 0

Given the same initial velocity, foanre~ineuver (W ) iieren

set of final conditions are obtain as, s ~fetdnTable 18. The effecR oft

terminal maneuverability on the missile" 0ouzc 'Is quite dramatic,,fbut Utl

compatible with the results ftesniilynlssrpre nRf~.

Table 1S. Effect of terminfiinaniuverability.
Variable speed -xqdelih4_1km)--

I ~ ~ 5~m/ '-.-J-S2O m/s
Initial velocity 645 m/s zS -Z j---

'Final velocity 520-S60 rn/s - >1 o S1O/s 405-460 m./s

Terminal 150 m/ :-7-125-14S m./s 95-125 rn/s

jmaneuverability

1Uuaranteed SSKP 0.410 --- 0.406 0.331

I'P-'pmal Mixed (L/J) 0.56/0.44 0.57/0.43 0.56/0.44

ISrategy

.tEvaders Optimal N, We=. /NJ W e =00e
- 1 trategy Set w =2 .0, tw 1.0 r/s w.=3.0. e=1.0 r/s w.=3.0, w =0.0 r/sl
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IV. CONCLUSIONS

This report validates the results obtained in the previous years for a

constant speed missile model, - which demonstrated the superior homing

performance of the Mixed Strategy Guidance over other guidance laws, - were

validated in a realistic variable speed end game scenario.

The main conclusion of the last investigation phase substantiated by a

large set of simulations is that the performance of missiles using a Mixed

* Strategy Guidance is essentially the same in a variable speed scenario, as for a

constant speed model, if two conditions are satisfied:

- a. The guidance law of the missile includes a term compensating for non zero

longitudinal accelerations.

b. The maximum maneuverability of the missile (determined by the limit imposed

on the commanded laterai acceleration) can be attsaie' dcuring the entire

engagement; or in other words, the limit imposed by aerodynamic control

saturation is not reached.

13
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